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AFFINE CONNECTIONS OF NON INTEGRABLE DISTRIBUTIONS
YONG WANG
Abstract. In this paper, we study non integrable distributions in a Riemannian mani-
fold with a semi-symmetric metric connection, a semi-symmetric non-metric connection
and a statistical connection. We obtain the Gauss, Codazzi, and Ricci equations for
non integrable distributions with respect to the semi-symmetric metric connection, the
semi-symmetric non-metric connection and the statistical connection. As applications,
we obtain Chen’s inequalities for non integrable distributions of real space forms endowed
with a semi-symmetric metric connection and a semi-symmetric non-metric connection.
We give some examples of non integrable distributions in a Riemannian manifold with
affine connections. We find some new examples of Einstein distributions and distribu-
tions with constant scalar curvature.
1. Introduction
H. A. Hayden introduced the notion of a semi-symmetric metric connection on a Rie-
mannian manifold [7]. K. Yano studied a Riemannian manifold endowed with a semi-
symmetric metric connection [18]. Some properties of a Riemannian manifold and a
hypersurface of a Riemannian manifold with a semi-symmetric metric connection were
studied by T. Imai [8, 9]. Z. Nakao [12] studied submanifolds of a Riemannian manifold
with semi-symmetric metric connections. N. S. Agashe and M. R. Chafle introduced the
notion of a semisymmetric non-metric connection and studied some of its properties and
submanifolds of a Riemannian manifold with a semi-symmetric non-metric connection
[1, 2]. In [15], Vos studied submanifolds of statistical manifolds and got the the Gauss,
Codazzi, and Ricci equations for statistical submanifolds. In [11], the author considered
non integrable distributions in a Riemannian manifold. The second fundamental form
was defined and the Gauss equation for non integrable distributions was established. In
this paper, We establish Gauss formulas and Weingarten formulas and obtain the Gauss,
Codazzi, and Ricci equations for non integrable distributions with respect to a semi-
symmetric metric connection, a semi-symmetric non-metric connection and a statistical
connection.
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On the other hand, one of the basic problems in submanifold theory is to find simple
relationships between the extrinsic and intrinsic invariants of a submanifold. B. Y. Chen
[3, 4, 5] established inequalities in this respect, called Chen inequalities. Afterwards,
many geometers studied similar problems for different submanifolds in various ambient
spaces. In [10, 13], Mihai and O¨zgu¨r studied Chen inequalities for submanifolds of real
space forms with a semi-symmetric metric connection and a semi-symmetric non-metric
connection, respectively. In this paper, we obtain Chen’s inequalities for non integrable
distributions of real space forms endowed with a semi-symmetric metric connection and
a semi-symmetric non-metric connection.
It is a interesting problem to find Einstein manifolds and manifolds with constant
scalar curvature. In [6], using warped product spaces, Dobarro and Unal found Einstein
manifolds and manifolds with constant scalar curvature. In [14, 16, 17], authors found
Einstein manifolds and manifolds with constant scalar curvature with a semi-symmetric
metric connection and a semi-symmetric non-metric connection. In this paper, we define
Einstein distributions and distributions with constant scalar curvature. We define warped
product distributions on R × S3 and R × H3 where S3 and H3 are the 3-dimensional
sphere and the 3-dimensional Heisenberg group respectively. We find some new examples
of Einstein distributions and distributions with constant scalar curvature.
In Section 2, we establish the Gauss formula and the Weingarten formula and obtain
the Gauss, Codazzi, and Ricci equations for non integrable distributions with respect
to a semi-symmetric metric connection. In this case, the Chen inequality is proved. In
Section 3, we establish the Gauss formula and the Weingarten formula and obtain the
Gauss, Codazzi, and Ricci equations for non integrable distributions with respect to a
semi-symmetric non-metric connection. We also prove the Chen inequality in this case.
In Section 4, we establish the Gauss formula and the Weingarten formula and obtain
the Gauss, Codazzi, and Ricci equations for non integrable distributions with respect to a
statistical connection. In Section 5, We give some examples of non integrable distributions
in a Riemannian manifold with affine connections. We find some new examples of Einstein
distributions and distributions with constant scalar curvature.
2. Non integrable distributions with a semi-symmetric metric
connection
Let (M, g) be a smooth Riemannian manifold, dimM = m, and ∇ be the Levi-Civita
connection associated to the Riemannian metric g. We denote Γ(M) the C∞(M)-module
of vector fields on M and by ∇XY the covariant derivative of Y with respect to X if
X, Y ∈ Γ(M). Let D ⊆ TM be a non integrable distribution; that is, a subbundle of the
tangent bundle TM with constant rank n and there exist X, Y ∈ Γ(D) such that [X, Y ] is
not in Γ(D) where Γ(D) is the space of sections of D. The distribution D inherits a metric
tensor field gD from the original g in M . Let D⊥ ⊆ TM is the orthogonal distribution
to D which inherits a metric tensor field gD
⊥
from the g and then g = gD ⊕ gD⊥. Let
piD : TM → D, piD⊥ : TM → D⊥ be the projections. For X, Y ∈ Γ(D), we define
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∇DXY = piD(∇XY ) and [X, Y ]D = piD([X, Y ]) and [X, Y ]D⊥ = piD⊥([X, Y ]). By [11], we
have for X, Y ∈ Γ(D) and f ∈ C∞(M)
(2.1) ∇DfXY = f∇DXY, ∇DX(fY ) = X(f)Y + f∇DXY,
(2.2) ∇DXgD = 0, T (X, Y ) := ∇DXY −∇DYX − [X, Y ] = −[X, Y ]D
⊥
,
and
(2.3) ∇XY = ∇DXY +B(X, Y ), B(X, Y ) = piD
⊥∇XY.
We note that B(X, Y ) 6= B(Y,X).
Let U ∈ Γ(TM) be a vector field and ω be a 1-form defined by ω(V ) = g(U, V ) for any
V ∈ Γ(TM). We define the semi-symmetric metric connection on M
(2.4) ∇˜XY = ∇XY + ω(Y )X − g(X, Y )U.
Let UD = piDU and UD
⊥
= piD
⊥
U , then U = UD + UD
⊥
. Let
(2.5) ∇˜XY = ∇˜DXY + B˜(X, Y ), ∇˜DXY = piD∇˜XY, B˜(X, Y ) = piD
⊥∇˜XY.
We call the B˜(X, Y ) as the second fundamental form with respect to the semi-symmetric
metric connection. By (2.3)-(2.5), we have
(2.6) ∇˜DXY = ∇DXY + ω(Y )X − g(X, Y )UD, B˜(X, Y ) = B(X, Y )− g(X, Y )UD
⊥
.
By (2.2) and (2.6), we have
(2.7) ∇˜DX(gD) = 0, T˜D(X, Y ) = −[X, Y ]D
⊥
+ ω(Y )X − ω(X)Y.
Similarly to the case D = TM , we have
Theorem 2.1. There exists a unique linear connection ∇˜D : Γ(D) × Γ(D) → Γ(D) on
D, which satisfies the property (2.7).
Let {E1, · · · , En} be the orthonormal basis on D. We define the mean curvature vector
associated to ∇˜ on D by H˜ = 1
n
∑n
i=1 B˜(Ei, Ei) ∈ Γ(D⊥). By (2.6), then H˜ = H − UD
⊥
,
where H = 1
n
∑n
i=1B(Ei, Ei). If H˜ = 0, we say that D is minimal with respect to the
semi-symmetric metric connection ∇˜. We say that D is totally geodesic with respect to
the semi-symmetric metric connection ∇˜ if B˜(X, Y ) + B˜(Y,X) = 0
Proposition 2.2. 1) If D is totally geodesic with respect to the connection ∇, then D
is totally geodesic with respect to the semi-symmetric metric connection ∇˜ if and only if
U ∈ Γ(D).
2) H = H˜ if and only if U ∈ Γ(D).
Let h(X, Y ) = 1
2
[B(X, Y )+B(Y,X)] and h˜(X, Y ) = 1
2
[B˜(X, Y )+B˜(Y,X)]. If h = HgD
(resp. h˜ = H˜gD), we say that D is umbilical with respect to ∇ (resp. ∇˜). By (2.6), we
have
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Proposition 2.3. D is umbilical with respect to ∇ if and only if D is umbilical with
respect to ∇˜.
Let ξ ∈ Γ(D⊥) and X ∈ Γ(D), then by (2.4), we have
(2.8) ∇˜Xξ = ∇Xξ + ω(ξ)X.
Let Aξ : Γ(D)→ Γ(D) be the shape operator with respect to ∇ defined by
(2.9) gD(AξX, Y ) := g
D⊥(B(X, Y ), ξ).
Let ∇Xξ = piD∇Xξ + L⊥Xξ, then
(2.10) piD∇Xξ = −AξX, ∇Xξ = −AξX + L⊥Xξ,
which we called the Weingarten formula with respect to ∇ and L⊥Xξ : Γ(D) × Γ(D⊥) →
Γ(D⊥) is a metric connection on D⊥ along Γ(D). Let A˜ξ = (Aξ − ω(ξ))I, then by (2.8)
and (2.10), we have
(2.11) ∇˜Xξ = −A˜ξX + L⊥Xξ,
which we called the Weingarten formula with respect to ∇˜.
Given X1, X2, X3 ∈ Γ(TM), the curvature tensor R˜ with respect to ∇˜ is defined by
(2.12) R˜(X1, X2)X3 := ∇˜X1∇˜X2X3 − ∇˜X2∇˜X1X3 − ∇˜[X1,X2]X3.
Given X1, X2, X3 ∈ Γ(D), the curvature tensor R˜D on D with respect to ∇˜D is defined
by
(2.13) R˜D(X1, X2)X3 := ∇˜DX1∇˜DX2X3 − ∇˜DX2∇˜DX1X3 − ∇˜D[X1,X2]DX3 − piD[[X1, X2]D
⊥
, X3].
In (2.13), R˜D is a tensor field by adding the extra term −piD[[X1, X2]D⊥ , X3]. Given
X1, X2, X3, X4 ∈ Γ(D), the Riemannian curvature tensor R˜, R˜D are defined by
(2.14)
R˜(X1, X2, X3, X4) = g(R˜(X1, X2)X3, X4), R˜
D(X1, X2, X3, X4) = g(R˜
D(X1, X2)X3, X4).
Theorem 2.4. Given X, Y, Z,W ∈ Γ(D), we have
R˜(X, Y, Z,W ) = R˜D(X, Y, Z,W )− g(B(X,W ), B(Y, Z)) + g(B(Y,W ), B(X,Z))
(2.15)
+ g(Y, Z)ω(B(X,W ))− g(X,Z)ω(B(Y,W )) + g(X,W )ω(B(Y, Z))
− g(Y,W )ω(B(X,Z))− g(Y, Z)g(X,W )ω(UD⊥)
+ g(X,Z)g(Y,W )ω(UD
⊥
) + g(B(Z,W ), [X, Y ]).
Here Equation (2.15) is called the Gauss equation for D with respect to ∇˜.
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Proof. From Equations (2.5) and (2.11), we have for X, Y, Z ∈ Γ(D)
∇˜X∇˜YZ = ∇˜DX∇˜DY Z + B˜(X, ∇˜DY Z)(2.16)
− AB˜(Y,Z)X + ω(B˜(Y, Z))X + L⊥X(B˜(Y, Z)),
∇˜Y ∇˜XZ = ∇˜DY ∇˜DXZ + B˜(Y, ∇˜DXZ)(2.17)
−A
B˜(X,Z)Y + ω(B˜(X,Z))Y + L
⊥
Y (B˜(X,Z)),
By (2.11) and for X1, X2 ∈ Γ(TM),
∇˜X1X2 = ∇˜X2X1 + [X1, X2] + ω(X2)X1 − ω(X1)X2,(2.18)
we get
∇˜[X,Y ]D⊥Z = −A[X,Y ]D⊥Z + L⊥Z([X, Y ]D
⊥
) + ω(Z)[X, Y ]D
⊥
+ [[X, Y ]D
⊥
, Z].(2.19)
By ∇˜[X,Y ]Z = ∇˜[X,Y ]DZ + ∇˜[X,Y ]D⊥Z and (2.19) and (2.5), we have
∇˜[X,Y ]Z = ∇˜D[X,Y ]DZ + B˜([X, Y ]D, Z)− A[X,Y ]D⊥Z(2.20)
+ L⊥Z ([X, Y ]
D⊥) + ω(Z)[X, Y ]D
⊥
+ [[X, Y ]D
⊥
, Z].
By (2.12),(2.13),(2.16),(2.17) and (2.20), we have
R˜(X, Y )Z =R˜D(X, Y )Z − piD⊥[[X, Y ]D⊥ , Z] + B˜(X, ∇˜DY Z)(2.21)
− B˜(Y, ∇˜DXZ)− B˜([X, Y ]D, Z)−AB˜(Y,Z)X + AB˜(X,Z)Y
+ L⊥X(B˜(Y, Z))− L⊥Y (B˜(X,Z)) + ω(B˜(Y, Z))X − ω(B˜(X,Z))Y
+ A
[X,Y ]D⊥
Z − L⊥Z ([X, Y ]D
⊥
)− ω(Z)[X, Y ]D⊥.
By (2.9) and (2.21), we get (2.15). 
Corollary 2.5. If U = 0, then ω = 0 and ∇˜ = ∇, and we have
R(X, Y, Z,W ) =RD(X, Y, Z,W )− g(B(X,W ), B(Y, Z))(2.22)
+ g(B(Y,W ), B(X,Z)) + g(B(Z,W ), [X, Y ]).
Theorem 2.6. Given X, Y, Z ∈ Γ(D), we have
(R˜(X, Y )Z)D
⊥
=(L⊥XB˜)(Y, Z)− (L⊥Y B˜)(X,Z)(2.23)
− ω(X)B˜(Y, Z) + ω(Y )B˜(X,Z)− piD⊥[[X, Y ]D⊥, Z]
− L⊥Z ([X, Y ]D
⊥
)− ω(Z)[X, Y ]D⊥ ,
where (L⊥XB˜)(Y, Z) = L
⊥
X(B˜(Y, Z))− B˜(∇˜DXY, Z)− B˜(Y, ∇˜DXZ). Equation (2.23) is called
the Codazzi equation with respect to ∇˜.
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Proof. From (2.21), we have
(R˜(X, Y )Z)D
⊥
=− piD⊥[[X, Y ]D⊥, Z] + B˜(X, ∇˜DY Z)(2.24)
− B˜(Y, ∇˜DXZ)− B˜([X, Y ]D, Z) + L⊥X(B˜(Y, Z))
− L⊥Y (B˜(X,Z))− L⊥Z([X, Y ]D
⊥
)− ω(Z)[X, Y ]D⊥.
By [X, Y ]D = ∇˜DXY − ∇˜DYX − ω(Y )X + ω(X)Y and the definition of (L⊥XB˜)(Y, Z) and
(2.24), we get (2.23). 
Corollary 2.7. If U = 0, then we have
(R(X, Y )Z)D
⊥
=(L⊥XB)(Y, Z)− (L⊥YB)(X,Z)(2.25)
− piD⊥[[X, Y ]D⊥, Z]− L⊥Z([X, Y ]D
⊥
).
Theorem 2.8. Given X, Y ∈ Γ(D), ξ ∈ Γ(D⊥), we have
(R˜(X, Y )ξ)D
⊥
= −B˜(X, A˜ξY ) + B˜(Y, A˜ξX) + R˜L⊥(X, Y )ξ(2.26)
where
R˜L
⊥
(X, Y )ξ := L⊥XL
⊥
Y ξ − L⊥Y L⊥Xξ − L⊥[X,Y ]Dξ − piD
⊥∇˜[X,Y ]⊥ξ.(2.27)
Equation (2.26) is called the Ricci equation for D with respect to ∇˜.
Proof. From (2.5) and (2.11), we have
∇˜X∇˜Y ξ = −∇˜DX(A˜ξY )− B˜(X, A˜ξY )− A˜L⊥Y ξX + L
⊥
XL
⊥
Y ξ,(2.28)
∇˜Y ∇˜Xξ = −∇˜DY (A˜ξX)− B˜(Y, A˜ξX)− A˜L⊥XξY + L
⊥
Y L
⊥
Xξ,(2.29)
∇˜[X,Y ]ξ = −A˜ξ([X, Y ]D) + L⊥[X,Y ]Dξ + piD∇˜[X,Y ]D⊥ξ + piD
⊥∇˜[X,Y ]D⊥ξ.(2.30)
From (2.27)-(2.30), we get (2.26). 
Corollary 2.9. If U = 0, then we have
(R(X, Y )ξ)D
⊥
= −B(X,AξY ) +B(Y,AξX) +RL⊥(X, Y )ξ.(2.31)
Nextly, we prove the Chen inequality with respect to D and ∇˜. For X, Y ∈ Γ(TM), we
let
α(X, Y ) = (∇Xω)(Y )− ω(X)ω(Y ) + 1
2
g(X, Y )ω(U).
From [10], we have
R˜(X, Y, Z,W ) = RL(X, Y, Z,W ) + α(X,Z)g(Y,W )− α(Y, Z)g(X,W )(2.32)
+ g(X,Z)α(Y,W )− g(Y, Z)α(X,W ).
In M we can choose a local orthonormal frame E1, · · · , En, En+1, · · · , Em, such that,
E1, · · · , En are orthonormal frames of D. We write λ =
∑n
j=1 α(Ej, Ej) and h
r
ij =
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g(B(Ei, Ej), Er) and h˜
r
ij = g(B˜(Ei, Ej), Er) for 1 ≤ i, j ≤ n and n + 1 ≤ r ≤ m. The
squared length of B is ||B||2 = ∑ni,j=1 g(B(Ei, Ej), B(Ei, Ej)) and the squared length of
B˜ is ||B˜||2 = ∑ni,j=1 g(B˜(Ei, Ej), B˜(Ei, Ej)). Let M be an m-dimensional real space form
of constant sectional curvature c endowed with a semi-symmetric connection ∇˜. The
curvature tensor RL with respect to the Levi-Civita connection on M is expressed by
(2.33) RL(X, Y, Z,W ) = c{g(X,W )g(Y, Z)− g(X,Z)g(Y,W )}.
By (2.32) and (2.33), we get
R˜(X, Y, Z,W ) = c{g(X,W )g(Y, Z)− g(X,Z)g(Y,W )}+ α(X,Z)g(Y,W )(2.34)
− α(Y, Z)g(X,W ) + g(X,Z)α(Y,W )− g(Y, Z)α(X,W ).
Let Π ⊂ D, be a 2-plane section. Denote by K˜D(Π) the sectional curvature of D with
the induced connection ∇˜D defined by
K˜D(Π) =
1
2
[R˜D(E1, E2, E2, E1)− R˜D(E1, E2, E1, E2)],(2.35)
where E1, E2 are orthonormal basis of Π and K˜
D(Π) is independent of the choice of e1, e2.
For any orthonormal basis {E1, · · · , En} of D, the scalar curvature τ˜D with respect to D
and ∇˜D is defined by
τ˜D =
1
2
∑
1≤i,j≤n
R˜D(Ei, Ej, Ej , Ei).(2.36)
By Theorem 2.4, we have
R˜(X, Y, Z,W ) = R˜D(X, Y, Z,W ) + g(B˜(Y,W ), B˜(X,Z))(2.37)
− g(B˜(X,W ), B˜(Y, Z)) + g(B(Z,W ), [X, Y ]).
Let E1, E2 be the orthonormal basis of Π ⊂ D and define
AD =
1
2
∑
1≤i,j≤n
g(B(Ej, Ei), [Ej , Ei]),(2.38)
ΩΠ =α(E1, E1) + α(E2, E2)− 1
2
g(B(E1, E2)− B(E2, E1), [E1, E2]).
Then AD and ΩΠ are independent of the choice of the orthonormal basis. For the distri-
bution D of the real space form M endowed with a semi-symmetric metric connection,
we establish the following inequality, which we called the Chen first inequality.
Theorem 2.10. Let TM = D ⊕ D⊥, dimD = n ≥ 3, and let M be a manifold with
constant sectional curvature c endowed with a connection ∇˜, then
τ˜D − K˜D(Π) ≤ (n+ 1)(n− 2)
2
c− (n− 1)λ+ AD + ΩΠ + n
2(n− 2)
2(n− 1) ‖H˜‖
2 +
1
2
||B˜||2.
(2.39)
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Proof. Let {E1, · · · , En} and {En+1, · · · , Em} be orthonormal basis of D and D⊥ respec-
tively. Let E1, E2 be the orthonormal basis of Π ⊂ D. By (2.34), we obtain
R˜(E1, E2, E1, E2) = −c + α(E1, E1) + α(E2, E2).(2.40)
By (2.37), we have
R˜(E1, E2, E1, E2) = R˜
D(E1, E2, E1, E2) + g(B˜(E2, E2), B˜(E1, E1))(2.41)
− g(B˜(E1, E2), B˜(E2, E1)) + g(B(E1, E2), [E1, E2]).
By (2.40) and (2.41), we obtain
R˜D(E1, E2, E1, E2) =− c+ α(E1, E1) + α(E2, E2)(2.42)
− g(B(E1, E2), [E1, E2])−
m∑
r=n+1
[h˜r11h˜
r
22 − h˜r12h˜r21].
Similarly to (2.42), we have
R˜D(E1, E2, E2, E1) =c− α(E1, E1)− α(E2, E2)(2.43)
− g(B(E2, E1), [E1, E2]) +
m∑
r=n+1
[h˜r11h˜
r
22 − h˜r12h˜r21].
By (2.35),(2.42) and (2.43), we obtain
K˜D(Π) =c− ΩΠ +
m∑
r=n+1
[h˜r11h˜
r
22 − h˜r12h˜r21].(2.44)
Similarly to (2.43), we have
R˜D(Ei, Ej , Ej, Ei) =c− α(Ej, Ej)− α(Ei, Ei)− g(B˜(Ej , Ei), B˜(Ei, Ej))(2.45)
+ g(B˜(Ei, Ei), B˜(Ej , Ej))− g(B(Ej, Ei), [Ei, Ej ]).
Then
τ˜D =
1
2
∑
1≤i 6=j≤n
R˜D(Ei, Ej , Ej, Ei)(2.46)
=
n(n− 1)
2
c− (n− 1)λ+ AD +
m∑
r=n+1
∑
1≤i<j≤n
[h˜riih˜
r
jj − h˜rij h˜rji].
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So
τ˜D − K˜D(Π) = (n+ 1)(n− 2)
2
c− (n− 1)λ+ AD + ΩΠ
(2.47)
+
m∑
r=n+1
[
∑
1≤i<j≤n
h˜riih˜
r
jj − h˜r11h˜r22 −
∑
1≤i<j≤n
h˜rij h˜
r
ji + h˜
r
12h˜
r
21]
=
(n+ 1)(n− 2)
2
c− (n− 1)λ+ AD + ΩΠ
+
m∑
r=n+1
[(h˜r11 + h˜
r
22)
∑
3≤j≤n
h˜rjj +
∑
3≤i<j≤n
h˜riih˜
r
jj −
∑
1≤i<j≤n
h˜rij h˜
r
ji + h˜
r
12h˜
r
21]
By Lemma 2.4 in [19], we get
(2.48)
m∑
r=n+1
[(h˜r11 + h˜
r
22)
∑
3≤j≤n
h˜rjj +
∑
3≤i<j≤n
h˜riih˜
r
jj] ≤
n2(n− 2)
2(n− 1) ‖H˜‖
2.
We note that
m∑
r=n+1
[−
∑
1≤i<j≤n
h˜rij h˜
r
ji + h˜
r
12h˜
r
21]
(2.49)
=
m∑
r=n+1
[−
∑
3≤j≤n
h˜r1j h˜
r
j1 −
∑
2≤i<j≤n
h˜rij h˜
r
ji]
≤
m∑
r=n+1
[
∑
3≤j≤n
(h˜r1j)
2 + (h˜rj1)
2
2
+
∑
2≤i<j≤n
(h˜rij)
2 + (h˜rji)
2
2
]
≤
m∑
r=n+1
[
∑
3≤j≤n
(h˜r1j)
2 + (h˜rj1)
2
2
+
∑
2≤i<j≤n
(h˜rij)
2 + (h˜rji)
2
2
+
n∑
i=1
(h˜rii)
2
2
+
(h˜r12)
2 + (h˜r21)
2
2
]
=
‖B˜‖2
2
.
By (2.47)-(2.49), we get (2.39). 
Corollary 2.11. If U ∈ Γ(D), then H = H˜. In this case, the inequality in Theorem 2.10
becomes
τ˜D − K˜D(Π) ≤ (n+ 1)(n− 2)
2
c− (n− 1)λ+ AD + ΩΠ + n
2(n− 2)
2(n− 1) ‖H‖
2 +
1
2
||B||2.
(2.50)
Corollary 2.12. The equality case of (2.39) holds if and only if D is totally geodesic with
respect to ∇˜ and h˜r12 = h˜r21 = 0.
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Proof. The equality case of (2.49) holds if and only if h˜rii = 0, for 1 ≤ i ≤ n, h˜r12 = h˜r21 = 0
and h˜r1j = −h˜rj1 for 3 ≤ j ≤ n and h˜rkl = −h˜rlk for 2 ≤ k < l ≤ n.
The equality case of (2.48) holds if and only if h˜r11 + h˜
r
22 = h˜
r
ii for 3 ≤ i ≤ n. So
Corollary 2.12 holds. 
For each unit vector field X ∈ Γ(D), we choose the orthonormal basis {E1, · · · , En} of
D such that E1 = X . We define
R˜ic
D
(X) =
n∑
j=2
R˜D(X,Ej, Ej , X); A
D(X) =
n∑
j=2
g(B(Ej, X), [Ej, X ])(2.51)
‖B˜X‖2 =
n∑
j=2
[g(B˜(X,Ej), B˜(X,Ej)) + g(B˜(Ej, X), B˜(Ej, X))].
Theorem 2.13. Let TM = D ⊕ D⊥, dimD = n ≥ 2, and let M be a manifold with
constant sectional curvature c endowed with a connection ∇˜, then
R˜ic
D
(X) ≤ (n− 1)c− λ+ (2− n)α(X,X) + n
2
4
‖H˜‖2 + ‖B˜
X‖2
2
+ AD(X).(2.52)
Proof. Similarly to (2.45), we have
R˜ic
D
(X) ≤ (n− 1)c− λ+ (2− n)α(X,X) +
m∑
r=n+1
n∑
j=2
[h˜r11h˜
r
jj − h˜r1j h˜rj1] + AD(X).
(2.53)
By Lemma 2.5 in [19], we get
(2.54)
n+p∑
r=n+1
n∑
j=2
h˜r11h˜
r
jj ≤
n2
4
‖H˜‖2.
We note that
−
m∑
r=n+1
n∑
j=2
h˜r1j h˜
r
j1 ≤
m∑
r=n+1
n∑
j=2
(h˜r1j)
2 + (h˜rj1)
2
2
=
‖B˜X‖2
2
.(2.55)
By (2.53)-(2.55), we get (2.52). 
Corollary 2.14. The equality case of (2.52) holds if and only if h˜r1j = −h˜rj1 for 2 ≤ j ≤ n
and h˜r11 − h˜r22 − · · · − h˜rnn = 0.
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3. Non integrable distributions with a semi-symmetric non-metric
connection
Let U ∈ Γ(TM) be a vector field and ω be a 1-form defined by ω(V ) = g(U, V ) for any
V ∈ Γ(TM). We define the semi-symmetric non-metric connection on M
(3.1) ∇̂XY = ∇XY + ω(Y )X.
Let for X, Y ∈ Γ(D)
(3.2) ∇̂XY = ∇̂DXY + B̂(X, Y ), ∇̂DXY = piD∇̂XY, B̂(X, Y ) = piD
⊥∇̂XY.
We call the B̂(X, Y ) the second fundamental form with respect to the semi-symmetric
non-metric connection. By (3.1) and (3.2), we have
(3.3) ∇̂DXY = ∇DXY + ω(Y )X, B̂(X, Y ) = B(X, Y ).
By (3.3), we have
∇̂DX(gD)(Y, Z) = −ω(Y )gD(X,Z)− ω(Z)gD(X, Y ),(3.4)
T̂D(X, Y ) = −[X, Y ]D⊥ + ω(Y )X − ω(X)Y.
Similarly to the case D = TM , we have
Theorem 3.1. There exists a unique linear connection ∇̂D : Γ(D) × Γ(D) → Γ(D) on
D, which satisfies the property (3.4).
Wemay define the mean curvature vector and minimal distributions and totally geodesic
distributions with respect to ∇̂. We have
Proposition 3.2. D is minimal (resp. totally geodesic, umbilical) with respect to ∇ if
and only if D is minimal (resp. totally geodesic, umbilical) with respect to ∇̂.
Let
(3.5) ∇̂Xξ = −ÂξX + L⊥Xξ,
where Âξ = (Aξ − ω(ξ))I. Similarly to (2.12) and (2.13), we may define R̂ and R̂D, then
similarly to Theorems 2.4, 2.6, 2.8, we have
Theorem 3.3. Given X, Y, Z,W ∈ Γ(D) and ξ ∈ Γ(D), we have
R̂(X, Y, Z,W ) = R̂D(X, Y, Z,W )− g(B(X,W ), B(Y, Z)) + g(B(Y,W ), B(X,Z))(3.6)
+ g(X,W )ω(B(Y, Z))− g(Y,W )ω(B(X,Z)) + g(B(Z,W ), [X, Y ]).
(R̂(X, Y )Z)D
⊥
=(L̂⊥XB)(Y, Z)− (L̂⊥YB)(X,Z)(3.7)
− ω(X)B(Y, Z) + ω(Y )B(X,Z)− piD⊥ [[X, Y ]D⊥, Z]
− L⊥Z ([X, Y ]D
⊥
)− ω(Z)[X, Y ]D⊥,
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where (L̂⊥XB)(Y, Z) = L
⊥
X(B(Y, Z))− B(∇̂DXY, Z)− B(Y, ∇̂DXZ).
(R̂(X, Y )ξ)D
⊥
= −B(X, ÂξY ) +B(Y, ÂξX) + R̂L⊥(X, Y )ξ,(3.8)
where
R̂L
⊥
(X, Y )ξ := L⊥XL
⊥
Y ξ − L⊥Y L⊥Xξ − L⊥[X,Y ]Dξ − piD
⊥∇̂[X,Y ]⊥ξ.
We may define K̂D(Π), τ̂D similarly. For X, Y ∈ Γ(TM), we let
α1(X, Y ) = (∇Xω)(Y )− ω(X)ω(Y ).
Let λ1 =
∑n
j=1 α1(Ej , Ej). From [13], we have
R̂(X, Y, Z,W ) = RL(X, Y, Z,W ) + α1(X,Z)g(Y,W )− α1(Y, Z)g(X,W ).(3.9)
Let M be an m-dimensional real space form of constant sectional curvature c endowed
with a semi-symmetric connection ∇̂. By (2.33) and (3.9), we get
R̂(X, Y, Z,W ) = c{g(X,W )g(Y, Z)− g(X,Z)g(Y,W )}(3.10)
+ α1(X,Z)g(Y,W )− α1(Y, Z)g(X,W ).
Let
tr(α1|Π) = α1(E1, E1) + α1(E2, E2), tr(B|Π) = B(E1, E1) +B(E2, E2),(3.11)
ΩΠ∗ = −1
2
g(B(E1, E2)− B(E2, E1), [E1, E2]).
Theorem 3.4. Let TM = D⊕D⊥, dimD = n ≥ 3, and letM be a manifold with constant
sectional curvature c endowed with a connection ∇̂, then
τ̂D − K̂D(Π) ≤ (n+ 1)(n− 2)
2
c− n− 1
2
λ1 − n(n− 1)
2
ω(H)
(3.12)
+
1
2
tr(α1|Π) + 1
2
ω(tr(B|Π)) + AD + ΩΠ∗ + n
2(n− 2)
2(n− 1) ‖H‖
2 +
1
2
||B||2.
Proof. Let {E1, · · · , En} and {En+1, · · · , Em} be orthonormal basis of D and D⊥ respec-
tively. Let E1, E2 be the orthonormal basis of Π ⊂ D. By (3.10), we obtain
R̂(E1, E2, E1, E2) = −c + α1(E1, E1).(3.13)
By (3.6), we have
R̂D(E1, E2, E1, E2) =− c+ α1(E1, E1) + g(B(E1, E2), B(E2, E1))
(3.14)
− g(B(E1, E1), B(E2, E2)) + ω(B(E1, E1))− g(B(E1, E2), [E1, E2]),
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Similarly, we have
R̂D(E1, E2, E2, E1) =c− α1(E2, E2)− g(B(E1, E2), B(E2, E1))
(3.15)
+ g(B(E1, E1), B(E2, E2))− ω(B(E2, E2))− g(B(E2, E1), [E1, E2]).
So we obtain
K̂D(Π) =c− 1
2
tr(α1|Π)− 1
2
g(tr(B|Π), U)− ΩΠ∗ +
m∑
r=n+1
[hr11h
r
22 − hr12hr21].(3.16)
Similarly to (3.15), we have
R̂D(Ei, Ej, Ej , Ei) =c− α1(Ej , Ej)− g(B(Ei, Ej), B(Ej , Ei))
(3.17)
+ g(B(Ei, Ei), B(Ej , Ej))− ω(B(Ej, Ej))− g(B(Ej, Ei), [Ei, Ej]).
Then
τ̂D =
1
2
∑
1≤i 6=j≤n
R̂D(Ei, Ej , Ej, Ei)(3.18)
=
n(n− 1)
2
c− n− 1
2
λ− n(n− 1)
2
ω(H) + AD +
m∑
r=n+1
∑
1≤i<j≤n
[hriih
r
jj − hrijhrji].
So
τ̂D − K̂D(Π) = (n + 1)(n− 2)
2
c− n− 1
2
λ− n(n− 1)
2
ω(H)(3.19)
+
1
2
tr(α1|Π) + 1
2
g(tr(B|Π), U) + AD + ΩΠ∗
+
m∑
r=n+1
[
∑
1≤i<j≤n
hriih
r
jj − hr11hr22 −
∑
1≤i<j≤n
hrijh
r
ji + h
r
12h
r
21].
(3.20)
By (2.48) and (2.49), we get (3.12). 
Corollary 3.5. The equality case of (3.12) holds if and only if D is totally geodesic with
respect to ∇ and hr12 = hr21 = 0.
Theorem 3.6. Let TM = D⊕D⊥, dimD = n ≥ 2, and letM be a manifold with constant
sectional curvature c endowed with a connection ∇̂, then
R̂ic
D
(X) ≤ (n− 1)c− λ+ α1(X,X)− nω(H)(3.21)
+ ω(B(X,X)) +
n2
4
‖H‖2 + ‖B
X‖2
2
+ AD(X).
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Proof. By (3.17), we have
R̂ic
D
(X) ≤ (n− 1)c− λ + α1(X,X)− nω(H)(3.22)
+ ω(B(X,X)) + AD(X) +
m∑
r=n+1
n∑
j=2
[hr11h
r
jj − hr1jhrj1].
By (2.54) and (2.55), we get (3.21). 
Corollary 3.7. The equality case of (3.21) holds if and only if hr1j = −hrj1 for 2 ≤ j ≤ n
and hr11 − hr22 − · · · − hrnn = 0.
4. Non integrable distributions with a statistical connection
Let (M, g,∇) denote a statistical manifold and (M, g,∇∗) denote a dual statistical
manifold. Then
∇XY = ∇XY +K(X, Y ); ∇∗XY = ∇XY −K(X, Y ),(4.1)
where K : Γ(TM)×Γ(TM)→ Γ(TM) is a tensor field. Let C(X, Y, Z) = g(K(X, Y ), Z),
then C(X, Y, Z) is a symmetric tensor. Let
∇XY = ∇DXY +B(X, Y ); ∇
∗
XY = ∇
D,∗
X Y +B
∗
(X, Y ),(4.2)
where
∇DXY = ∇DXY + piDK(X, Y ); ∇
D,∗
X Y = ∇DXY − piDK(X, Y ).(4.3)
B(X, Y ) = B(X, Y ) + piD
⊥
K(X, Y ); B
∗
(X, Y ) = B(X, Y )− piD⊥K(X, Y )
Let Aξ, A
∗
ξ : Γ(D)→ Γ(D) defined by
g(AξX, Y ) = g(B(X, Y ), ξ); g(A
∗
ξX, Y ) = g(B
∗
(X, Y ), ξ),(4.4)
where Aξ, A
∗
ξ are called shape operators on D with respect to ∇, ∇
∗
respectively. Then
AξX = −piD∇∗Xξ, A
∗
ξX = −piD∇Xξ Let
∇Xξ = −A∗ξX + L
⊥
Xξ; ∇
∗
Xξ = −AξX + L
⊥,∗
X ξ,(4.5)
which we called the Weingarten formulas. L
⊥
Xξ, L
⊥,∗
X ξ : Γ(D) × Γ(D⊥) → Γ(D⊥) are
dual connections on D⊥ along Γ(D). Similarly to (2.12) and (2.13), we may define
R,R
D
, R
∗
, R
D,∗
.
Theorem 4.1. Given X, Y, Z,W ∈ Γ(D), we have
R(X, Y, Z,W ) = R
D
(X, Y, Z,W ) + g(B
∗
(Y,W ), B(X,Z))(4.6)
− g(B∗(X,W ), B(Y, Z)) + g(B∗(Z,W ), [X, Y ]).
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Proof. From Equations (4.2) and (4.5), we have for X, Y, Z ∈ Γ(D)
∇X∇YZ = ∇DX∇
D
Y Z +B(X,∇
D
Y Z)(4.7)
− A∗B(Y,Z)X + L
⊥
X(B(Y, Z)),
∇Y∇XZ = ∇DY∇
D
XZ +B(Y,∇
D
XZ)(4.8)
− A∗B(X,Z)Y + L
⊥
Y (B(X,Z)),
∇[X,Y ]Z = ∇D[X,Y ]DZ +B([X, Y ]D, Z)−A
∗
[X,Y ]D⊥Z(4.9)
+ L
⊥
Z([X, Y ]
D⊥) + [[X, Y ]D
⊥
, Z].
So we get
R(X, Y )Z =R
D
(X, Y )Z − piD⊥[[X, Y ]D⊥, Z] +B(X,∇DY Z)(4.10)
− B(Y,∇DXZ)− B([X, Y ]D, Z)− A
∗
B(Y,Z)X
+ A
∗
B(X,Z)Y + L
⊥
X(B(Y, Z))− L
⊥
Y (B(X,Z))
+ A
∗
[X,Y ]D⊥Z − L
⊥
Z([X, Y ]
D⊥).
By (4.4) and (4.10), we get (4.6). 
By (4.10), we have
Theorem 4.2. Given X, Y, Z ∈ Γ(D), the following equality holds:
[R(X, Y )Z]D
⊥
=− piD⊥[[X, Y ]D⊥, Z] +B(X,∇DY Z)(4.11)
−B(Y,∇DXZ)− B([X, Y ]D, Z)
+ L
⊥
X(B(Y, Z))− L
⊥
Y (B(X,Z))− L
⊥
Z([X, Y ]
D⊥).
From (4.2), (4.4) and (4.5), we get
Theorem 4.3. Given X, Y ∈ Γ(D), ξ, η ∈ Γ(D⊥), we have
g(R(X, Y )ξ, η) = g(AηY,A
∗
ξX))− g(AηX,A
∗
ξY )) + g(R
L⊥
(X, Y )ξ, η),(4.12)
where
R
L⊥
(X, Y )ξ := L
⊥
XL
⊥
Y ξ − L
⊥
Y L
⊥
Xξ − L
⊥
[X,Y ]Dξ − piD
⊥∇[X,Y ]⊥ξ.(4.13)
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5. Examples
Example 1
Consider the 3-dimensional unit sphere S3 as a Riemannian manifold endowed with the
metric induced from R4. The tangent space of S3 at each point has an orthonormal basis
given by the vector fields
X1 = x2∂x1 − x1∂x2 − x4∂x3 + x3∂x4
X2 = x4∂x1 − x3∂x2 + x2∂x3 − x1∂x4
X3 = x3∂x1 + x4∂x2 − x1∂x3 − x2∂x4 .
Then
[X1, X2] = 2X3, [X1, X3] = −2X2, [X2, X3] = 2X1.(5.1)
Let ∇ be the Levi-Civita connection on S3. By (5.1) and the Koszul formula, we have
∇X1X2 = X3, ∇X2X1 = −X3, , ∇X1X1 = ∇X2X2 = ∇X3X3 = 0,(5.2)
∇X1X3 = −X2, ∇X3X1 = X2, ∇X2X3 = X1, ∇X3X2 = −X1.
Consider the distribution D1 = span{X1, X2}, which is not integrable by (5.1). The
metric of D1 is induced by the metric on S
3. Let U = X1 +X3. By (5.2), we have
∇D1XiXj = 0, ∀i, j = 1, 2, B(X1, X1) = B(X2, X2) = 0,(5.3)
B(X1, X2) = X3, B(X2, X1) = −X3.
So D1 is totally geodesic distribution with respect to ∇. By (2.6), we obtain
(5.4) ∇˜D1X Y = ∇D1X Y + g(X1, Y )X − g(X, Y )X1, B˜(X, Y ) = B(X, Y )− g(X, Y )X3.
So
∇˜D1X1X1 = 0, ∇˜D1X1X2 = 0, ∇˜D1X2X1 = X1, ∇˜D1X2X2 = −X1(5.5)
B˜(X1, X1) = −X3, B˜(X1, X2) = X3,
B˜(X2, X1) = −X3, B˜(X2, X2) = −X3, H˜ = −X3.
By (2.8) and (2.11), we have
AX3X1 = X2, AX3X2 = −X1, A˜X3X1 = X2 −X1,(5.6)
A˜X3X2 = −X1 −X2, L⊥X1X3 = L⊥X2X3 = 0.
By (2.13),(2.35),(2.36) and (5.5), we have
R˜D
1
(X1, X2)X1 = −4X2, R˜D1(X1, X2)X2 = 4X1, K˜D1(D1) = 4, τ˜D1 = 4.(5.7)
By (3.2), we have
(5.8) ∇̂D1X Y = ∇D1X Y + g(X1, Y )X, B̂(X, Y ) = B(X, Y ).
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So
∇̂D1X1X1 = X1, ∇̂D1X1X2 = 0, ∇̂D1X2X1 = X2, ∇̂D1X2X2 = 0(5.9)
B̂(X1, X1) = 0, B̂(X1, X2) = X3,
B̂(X2, X1) = −X3, B̂(X2, X2) = 0,
R̂D
1
(X1, X2)X1 = −5X2, R̂D1(X1, X2)X2 = 4X1.
We consider the distribution D2 = span{X1, X3} and U = X2+X3, then similarly we get
∇˜D2X1X1 = −X3, ∇˜D2X1X3 = X1, ∇˜D2X3X1 = 0, ∇˜D2X3X3 = 0.(5.10)
R˜D
2
(X1, X3)X1 = 4X3, R˜
D2(X1, X3)X3 = 4X1, K˜
D2(D2) = 0, τ˜
D2 = 0.
Similarly, we obtain
∇̂D2X1X1 = 0, ∇̂D2X1X3 = X1, ∇̂D2X3X1 = 0, ∇̂D2X3X3 = X3.(5.11)
R̂D
2
(X1, X3)X1 = 4X3, R̂
D2(X1, X3)X3 = 5X1, K̂
D2(D2) =
1
2
, τ̂D2 =
1
2
.
Example 2
Let M = R × S3 and D1 = span{X1, X2} and TS3 = D1 ⊕ D1,⊥. Let f(t) ∈ C∞(R)
without zero points. Let pi1 : R×S3 → R; (t, x)→ t and pi2 : R×S3 → S3; (t, x)→ x. Let
gMf = pi
∗
1dt
2 ⊕ f 2pi∗2gD
1 ⊕ pi∗2gD
1,⊥
;(5.12)
D = pi∗1(TR)⊕ pi∗2D1; gD = pi∗1dt2 ⊕ f 2pi∗2gD
1
.
We call (D, gD) the warped product distribution on M . Let ∇f be the Levi-Civita con-
nection on (M, gMf ) and ∂t =
∂
∂t
and ∂t(f) = f
′, then by the Koszul formula and (5.12),
we get
∇f∂t∂t = 0, ∇f∂tX1 =
f ′
f
X1, ∇fX1∂t =
f ′
f
X1, ∇f∂tX2 =
f ′
f
X2,(5.13)
∇fX2∂t =
f ′
f
X2, ∇f∂tX3 = ∇fX3∂t = 0, ∇fX1X1 = ∇fX2X2 = −ff ′∂t,
∇fX1X2 = X3, ∇fX2X1 = −X3, ∇fX1X3 = −
X2
f 2
, ∇fX3X1 = (2−
1
f 2
)X2,
∇fX2X3 =
X1
f 2
, ∇fX3X2 = (
1
f 2
− 2)X1, ∇fX3X3 = 0.
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So we obtain
Rf(∂t, X1)∂t =
f ′′
f
X1, R
f (∂t, X2)∂t =
f ′′
f
X2, R
f(∂t, X3)∂t = 0,
(5.14)
Rf (∂t, X1)X1 = −ff ′′∂t, Rf (∂t, X1)X2 = −f
′
f
X3, R
f (∂t, X1)X3 = f
−3f ′X2,
Rf (∂t, X2)X1 =
f ′
f
X3, R
f(∂t, X2)X2 = −ff ′′∂t, Rf(∂t, X2)X3 = −f−3f ′X1,
Rf(∂t, X3)X1 = 2f
−3f ′X2, R
f (∂t, X3)X2 = −2f−3f ′X1, Rf (∂t, X3)X3 = 0,
Rf (X1, X2)∂t =
2f ′
f
X3, R
f(X1, X3)∂t = f
′f−3X2, R
f(X2, X3)∂t = −f−3f ′X1,
Rf(X1, X2)X1 = [(f
′)2 + 3f−2 − 4]X2, Rf(X1, X2)X2 = [−(f ′)2 − 3f−2 + 4]X1,
Rf (X1, X2)X3 = −2f−1f ′∂t, Rf (X1, X3)X1 = −f−2X3, Rf(X1, X3)X2 = −f−1f ′∂t,
Rf (X1, X3)X3 = f
−4X1, R
f (X2, X3)X1 = f
−1f ′∂t,
Rf(X2, X3)X2 = −f−2X3, Rf (X2, X3)X3 = f−4X2.
ByRf (X2, X3)X3 = f
−4X2, then (M, g
M
f ) is not flat. Let Ric
f (X, Y ) =
∑4
k=1 g(R
f(X,Ek)Y,Ek)
where {Ek} are the orthonormal basis of (M, gMf ). Then we have
Ricf(∂t, ∂t) =
2f ′′
f
,Ricf (X1, X1) = Ric
f(X2, X2) = ff
′′ + (f ′)2 + 2f−2 − 4,(5.15)
Ricf(X3, X3) = −2f−4,Ricf (∂t, X1) = Ricf (∂t, X2) = Ricf (∂t, X3) = 0,
Ricf(X1, X2) = Ric
f (X1, X3) = Ric
f (X2, X3) = 0.
Then it is easy to get that (M, gMf ) is not Einstein. Let s
f =
∑
k Ric
f(Ek, Ek), then
sf = 4f−1f ′′ + 2f−2(f ′)2 − 8f−2 − 2f−4 + 4.(5.16)
Let D = span{∂t, X1, X2}, by (5.13), we have
∇D∂t∂t = 0, ∇D∂tX1 =
f ′
f
X1, ∇DX1∂t =
f ′
f
X1, ∇D∂tX2 =
f ′
f
X2,(5.17)
∇DX2∂t =
f ′
f
X2, ∇DX1X1 = ∇DX2X2 = −ff ′∂t,
∇DX1X2 = 0, ∇DX2X1 = 0,
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and
B(∂t, ∂t) = B(X1, X1) = B(X2, X2) = B(X1, ∂t) = 0,(5.18)
B(∂t, X1) = B(∂t, X2) = B(X2, ∂t) = 0,
B(X1, X2) = X3, B(X2, X1) = −X3,
AX3∂t = 0, AX3X1 =
X2
f 2
, AX3X2 = −
X1
f 2
,
L⊥∂tX3 = L
⊥
X1
X3 = L
⊥
X2
X3 = 0.
Similarly to (2.13), we can compute the curvature tensor on D as follows:
RD(∂t, X1)∂t =
f ′′
f
X1, R
D(∂t, X2)∂t =
f ′′
f
X2,(5.19)
RD(∂t, X1)X1 = −ff ′′∂t, RD(∂t, X1)X2 = RD(∂t, X2)X1 = 0,
RD(∂t, X2)X2 = −ff ′′∂t, RD(X1, X2)∂t = 0,
RD(X1, X2)X1 = [(f
′)2 − 4]X2, RD(X1, X2)X2 = [−(f ′)2 + 4]X1.
Let X˜1 = f
−1X1, X˜2 = f
−1X2. We use the similar definition of (2.35) and get
KD(∂t ∧ X˜1) = −f
′′
f
, KD(∂t ∧ X˜2) = −f
′′
f
, KD(X˜1 ∧ X˜2) = 4− (f
′)2
f 2
.(5.20)
We define the Ricci tensor ofD by RicD(X, Y ) =
∑3
k=1 g
D(RD(X,Ek)Y,Ek) whereX, Y ∈
Γ(D) and E1, E2, E3 are orthonormal basis of (D, g
D). Then
RicD(∂t, ∂t) =
2f ′′
f
,RicD(X1, X1) = Ric
D(X2, X2) = ff
′′ + (f ′)2 − 4,(5.21)
RicD(∂t, X1) = Ric
D(∂t, X2) = Ric
D(X1, ∂t) = Ric
D(X2, ∂t) = 0;
RicD(X1, X2) = Ric
D(X2, X1) = 0.
We called that (D, gD) is Einstein if RicD(X, Y ) = c0g
D(X, Y ) for X, Y ∈ Γ(D).
Theorem 5.1. (D, gD) is Einstein with the Einstein constant c0 if and only if
(1) c0 = 0, f(t) = 2t + c1 or f(t) = −2t + c1,
(2) c0 > 0, f(t) = − 2c2c0 e
√
c0
2
t + c2e
−
√
c0
2
t,
(3) c0 < 0, f(t) = c1cos(
√
−c0
2
t) + c2sin(
√
−c0
2
t), c21 + c
2
2 = − 8c0 ,
where c1, c2 are constant.
Proof. By (5.21), (D, gD) is Einstein with the Einstein constant c0 if and only if
f ′′ − c0
2
f = 0,(5.22)
ff ′′ + (f ′)2 − 4 = c0f 2.(5.23)
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If c0 = 0, by (5.22), then f = c2x+ c1. Using (5.23), then c2 = 2, or− 2, so we get case
(1).
If c0 > 0, by (5.22), then f = c1e
√
c0
2
t + c2e
−
√
c0
2
t. Using (5.23), then (f ′)2 = 4 + c0
2
f 2,
so c1 =
−2
c2c0
and we get case (2).
If c0 < 0, by (5.22), then f = c1cos(
√
−c0
2
t) + c2sin(
√
−c0
2
t). Using (f ′)2 = 4+ c0
2
f 2, we
get c21 + c
2
2 = − 8c0 and so case (3) holds. 
We also get
sD :=RicD(∂t, ∂t) + Ric
D(X˜1, X˜1) + Ric
D(X˜2, X˜2)(5.24)
=4
f ′′
f
+ 2
(f ′)2
f 2
− 8
f 2
.
Let U = ∂t, then
∇˜DXY = ∇DXY + g(∂t, Y )X − g(X, Y )∂t, B˜(X, Y ) = B(X, Y ).(5.25)
By (5.25), we get
∇˜D∂t∂t = 0, ∇˜D∂tX1 =
f ′
f
X1, ∇˜DX1∂t =
f ′
f
X1 + ∂t, ∇˜D∂tX2 =
f ′
f
X2,(5.26)
∇˜DX2∂t =
f ′
f
X2 + ∂t, ∇˜DX1X1 = ∇˜DX2X2 = −ff ′∂t − f 2∂t,
∇˜DX1X2 = 0, ∇˜DX2X1 = 0.
Then
R˜D(∂t, X1)∂t =
f ′′
f
X1, R˜
D(∂t, X2)∂t =
f ′′
f
X2,(5.27)
R˜D(∂t, X1)X1 = −(ff ′′ + ff ′)∂t, R˜D(∂t, X1)X2 = R˜D(∂t, X2)X1 = 0,
R˜D(∂t, X2)X2 = −(ff ′′ + ff ′)∂t, R˜D(X1, X2)∂t = f
′
f
(X1 −X2),
R˜D(X1, X2)X1 = [(f
′)2 + ff ′ − 4]X2 + (ff ′ + f 2)∂t,
R˜D(X1, X2)X2 = −[(f ′)2 + ff ′ − 4]X1 − (ff ′ + f 2)∂t,
and
K˜D(∂t ∧ X˜1) = −2f
′′ + f ′
2f
, K˜D(∂t ∧ X˜2) = −2f
′′ + f ′
2f
, K˜D(X˜1 ∧ X˜2) = 4− ff
′ − (f ′)2
f 2
,
(5.28)
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and
R˜ic
D
(∂t, ∂t) =
2f ′′
f
, R˜ic
D
(X1, X1) = Ric
D(X2, X2) = ff
′′ + 2ff ′ + (f ′)2 − 4,(5.29)
R˜ic
D
(∂t, X1) = R˜ic
D
(∂t, X2) = 0, R˜ic
D
(X1, ∂t) = R˜ic
D
(X2, ∂t) = −f
′
f
;
R˜ic
D
(X1, X2) = R˜ic
D
(X2, X1) = 0.
Then we have
Proposition 5.2. (D, gD, ∇˜D) is mixed Ricci flat if and only if f is a constant.
Similarly to (5.24), we have
s˜D = 4
f ′′
f
+ 4
f ′
f
+ 2
(f ′)2
f 2
− 8
f 2
.(5.30)
So when f is a constant, then s˜D is a constant. By (5.29), (D, gD, ∇˜D) is not Einstein.
By (3.3) and (5.17), we have
∇̂D∂t∂t = ∂t, ∇̂D∂tX1 =
f ′
f
X1, ∇̂DX1∂t =
f ′
f
X1 + ∂t, ∇̂D∂tX2 =
f ′
f
X2,(5.31)
∇̂DX2∂t =
f ′
f
X2 + ∂t, ∇̂DX1X1 = ∇̂DX2X2 = −ff ′∂t,
∇̂DX1X2 = 0, ∇̂DX2X1 = 0.
Then
R̂D(∂t, X1)∂t =
f ′′ − f ′
f
X1, R̂
D(∂t, X2)∂t =
f ′′ − f ′
f
X2,(5.32)
R̂D(∂t, X1)X1 = −(ff ′′ + ff ′)∂t, R̂D(∂t, X1)X2 = R̂D(∂t, X2)X1 = 0,
R̂D(∂t, X2)X2 = −(ff ′′ + ff ′)∂t, R̂D(X1, X2)∂t = f
′
f
(X1 −X2),
R̂D(X1, X2)X1 = [(f
′)2 − 4]X2 + ff ′∂t,
R̂D(X1, X2)X2 = −[(f ′)2 − 4]X1 − ff ′∂t,
and
R̂ic
D
(∂t, ∂t) = 2
f ′′ − f ′
f
, R̂ic
D
(X1, X1) = Ric
D(X2, X2) = ff
′′ + ff ′ + (f ′)2 − 4,(5.33)
R̂ic
D
(∂t, X1) = R̂ic
D
(∂t, X2) = 0, R̂ic
D
(X1, ∂t) = R̂ic
D
(X2, ∂t) = −f
′
f
;
R̂ic
D
(X1, X2) = R̂ic
D
(X2, X1) = 0.
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So (D, gD, ∇̂D) is mixed Ricci flat if and only if f is a constant and (D, gD, ∇̂D) is not
Einstein. Similarly to (5.28) and (5.30), we have
K̂D(∂t ∧ X˜1) = −f
′′
f
, K̂D(∂t ∧ X˜2) = −f
′′
f
, K̂D(X˜1 ∧ X˜2) = 4− (f
′)2
f 2
,(5.34)
ŝD = 4
f ′′
f
+ 2
(f ′)2
f 2
− 8
f 2
.(5.35)
Example 3
The Heisenberg group H3 is defined as R
3 with the group operation
(x, y, z) · (x, y, z) = (x+ x, y + y, z + z + 1
2
(xy − yx)).(5.36)
Let (H3, gH3) be the Heisenberg group H3 endowed with the Riemannian metric g which
is defined by
gH3 = dx
2 + dy2 + (dz +
1
2
(ydx− xdy))2.(5.37)
The following vector fields form a orthonormal frame on H3:
e1 =
∂
∂x
− y
2
∂
∂z
, e2 =
∂
∂y
+
x
2
∂
∂z
, e3 =
∂
∂z
.(5.38)
These vector fields satisfy the commutation relations
[e1, e2] = e3, [e1, e3] = 0, [e2, e3] = 0.(5.39)
The Levi-Civita connection ∇ of H3 is given by
∇ejej = 0, 1 ≤ j ≤ 3, ∇e1e2 =
1
2
e3, ∇e2e1 = −
1
2
e3,(5.40)
∇e1e3 = ∇e3e1 = −
1
2
e2, ∇e2e3 = ∇e3e2 =
1
2
e1.
Let D = span{e1, e2}, by (5.40), then ∇Deiej = 0, 1 ≤ i, j ≤ 2. Let U = e1 + e2 + e3, then
∇˜De1e1 = −e2, ∇˜De1e2 = e1, ∇˜De2e1 = e2, ∇˜De2e2 = −e1,(5.41)
B˜(e1, e1) = −e3, B˜(e2, e2) = −e3, B˜(e1, e2) = 1
2
e3, B˜(e2, e1) = −1
2
e3.
R˜D(e1, e2)e1 = R˜
D(e1, e2)e2 = 0,
so (D, gD, ∇˜D) is flat. Similarly, we have
∇̂De1e1 = e1, ∇̂De1e2 = e1, ∇̂De2e1 = e2, ∇̂De2e2 = e2,(5.42)
R̂D(e1, e2)e1 = R̂
D(e1, e2)e2 = e1 − e2.
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Example 4
Let M = R × H3 and D1 = span{e1, e2} and TH3 = D1 ⊕ D1,⊥. Let f(t) ∈ C∞(R)
without zero points. Let pi1 : R ×H3 → R; (t, x) → t and pi2 : R×H3 → H3; (t, x) → x.
Let
gMf = pi
∗
1dt
2 ⊕ f 2pi∗2gD
1 ⊕ pi∗2gD
1,⊥
;(5.43)
D = pi∗1(TR)⊕ pi∗2D1; gD = pi∗1dt2 ⊕ f 2pi∗2gD
1
.
Let ∇f be the Levi-Civita connection on (M, gMf ), then by the Koszul formula and (5.43),
we get
∇f∂t∂t = 0, ∇f∂te1 =
f ′
f
e1, ∇fe1∂t =
f ′
f
e1, ∇f∂te2 =
f ′
f
e2,(5.44)
∇fe2∂t =
f ′
f
e2, ∇f∂te3 = ∇fe3∂t = 0, ∇fe1e1 = ∇fe2e2 = −ff ′∂t,
∇fe1e2 =
1
2
e3, ∇fe2e1 = −
1
2
e3, ∇fe1e3 = −
e2
2f 2
, ∇fe3e1 = −
1
2f 2
e2,
∇fe2e3 =
e1
2f 2
, ∇fe3e2 =
1
2f 2
e1, ∇fe3e3 = 0.
So we obtain
Rf (∂t, e1)∂t =
f ′′
f
e1, R
f (∂t, e2)∂t =
f ′′
f
e2, R
f (∂t, e3)∂t = 0,(5.45)
Rf(∂t, e1)e1 = −ff ′′∂t, Rf (∂t, e1)e2 = − f
′
2f
e3, R
f(∂t, e1)e3 =
1
2
f−3f ′e2,
Rf(∂t, e2)e1 =
f ′
2f
e3, R
f(∂t, e2)e2 = −ff ′′∂t, Rf(∂t, e2)e3 = −1
2
f−3f ′e1,
Rf (∂t, e3)e1 = f
−3f ′e2, R
f(∂t, e3)e2 = −f−3f ′e1, Rf(∂t, e3)e3 = 0,
Rf(e1, e2)∂t =
f ′
f
e3, R
f (e1, e3)∂t =
1
2
f ′f−3e2, R
f(e2, e3)∂t = −1
2
f−3f ′e1,
Rf (e1, e2)e1 = [(f
′)2 +
3
4f 2
]e2, R
f(e1, e2)e2 = −[(f ′)2 + 3
4f 2
]e1,
Rf(e1, e2)e3 = −f−1f ′∂t, Rf(e1, e3)e1 = − 1
4f 2
e3, R
f (e1, e3)e2 = −1
2
f−1f ′∂t,
Rf(e1, e3)e3 =
1
4f 4
e1, R
f(e2, e3)e1 =
1
2
f−1f ′∂t,
Rf (e2, e3)e2 = − 1
4f 2
e3, R
f(e2, e3)e3 =
1
4f 4
e2.
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So M is not flat. Then
Ricf(∂t, ∂t) =
2f ′′
f
,Ricf(e1, e1) = Ric
f(e2, e2) = ff
′′ + (f ′)2 +
1
2f 2
,(5.46)
Ricf(X3, X3) = −1
2
f−4,Ricf(∂t, e1) = Ric
f(∂t, e2) = Ric
f(∂t, e3) = 0,
Ricf(e1, e2) = Ric
f (e1, e3) = Ric
f(e2, e3) = 0.
Then (M, gMf ) is not Einstein and
sf = 4
f ′′
f
+ 2
(f ′)2
f 2
+
1
2
f−4.(5.47)
Let D = span{∂t, e1, e2}, by (5.44), we have
∇D∂t∂t = 0, ∇D∂te1 =
f ′
f
e1, ∇De1∂t =
f ′
f
e1, ∇D∂te2 =
f ′
f
e2,(5.48)
∇De2∂t =
f ′
f
e2, ∇De1e1 = ∇De2e2 = −ff ′∂t,
∇De1e2 = 0, ∇De2e1 = 0.
We can compute the curvature tensor on D as follows:
RD(∂t, e1)∂t =
f ′′
f
e1, R
D(∂t, e2)∂t =
f ′′
f
e2,(5.49)
RD(∂t, e1)e1 = −ff ′′∂t, RD(∂t, e1)e2 = RD(∂t, e2)e1 = 0,
RD(∂t, e2)e2 = −ff ′′∂t, RD(e1, e2)∂t = 0,
RD(e1, e2)e1 = (f
′)2e2, R
D(e1, e2)e2 = −(f ′)2e1,
and we have
KD(∂t ∧ e˜1) = −f
′′
f
, KD(∂t ∧ e˜2) = −f
′′
f
, KD(e˜1 ∧ e˜2) = (f
′)2
f 2
.(5.50)
So we have
RicD(∂t, ∂t) =
2f ′′
f
,RicD(e1, e1) = Ric
D(e2, e2) = ff
′′ + (f ′)2,(5.51)
RicD(∂t, e1) = Ric
D(∂t, e2) = Ric
D(e1, ∂t) = Ric
D(e2, ∂t) = 0;
RicD(e1, e2) = Ric
D(e2, e1) = 0.
Theorem 5.3. (D, gD) is Einstein with the Einstein constant c0 if and only if
(1) c0 = 0, f(t) = c1,
(2) c0 > 0, f(t) = c1e
√
c0
2
t or f(t) = c2e
−
√
c0
2
t,
where c1, c2 are constant.
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Proof. By (5.51), (D, gD) is Einstein with the Einstein constant c0 if and only if
f ′′ − c0
2
f = 0,(5.52)
ff ′′ + (f ′)2 = c0f
2.(5.53)
If c0 = 0, by (5.52), then f = c2x+ c1. Using (5.53), then c2 = 0, so we get case (1).
If c0 > 0, by (5.52), then f = c1e
√
c0
2
t + c2e
−
√
c0
2
t. Using (5.53), then (f ′)2 = c0
2
f 2, so
c1 = 0 or c2 = 0, and we get case (2).
If c0 < 0, by (5.52), then f = c1cos(
√
−c0
2
t) + c2sin(
√
−c0
2
t). Using (f ′)2 = c0
2
f 2, we get
c1 = c2 = 0. But f 6= 0, so in this case there is no solution. 
Theorem 5.4. (D, gD) is a distribution with constant scalar curvature λ0 if and only if
(1) λ0 = 0, f(t) = (c2t+ c1)
2
3 ,
(2) λ0 > 0, f(t) = (c1e
√
3λ0
8
t + c2e
−
√
3λ0
8
t)
2
3 ,
(3) λ0 < 0, f(t) = (c1cos(
√
−3λ0
8
t) + c2sin(
√
−3λ0
8
t))
2
3 ,
where c1, c2 are constant.
Proof. By (5.51), we have
sD = 4
f ′′
f
+ 2
(f ′)2
f 2
= λ0.(5.54)
Let f(t) = w(t)
2
3 and by (5.54), we get w′′(t)− 3
8
λ0w(t) = 0. By the elementary methods
for ordinary differential equations we prove the above theorem. 
Let U = ∂t, By (5.48), we get
∇˜D∂t∂t = 0, ∇˜D∂te1 =
f ′
f
e1, ∇˜De1∂t =
f ′
f
e1 + ∂t, ∇˜D∂te2 =
f ′
f
e2,(5.55)
∇˜De2∂t =
f ′
f
e2 + ∂t, ∇˜De1e1 = ∇˜De2e2 = −ff ′∂t − f 2∂t,
∇˜De1e2 = 0, ∇˜De2e1 = 0.
Then
R˜D(∂t, e1)∂t =
f ′′
f
e1, R˜
D(∂t, e2)∂t =
f ′′
f
e2,(5.56)
R˜D(∂t, e1)e1 = −(ff ′′ + ff ′)∂t, R˜D(∂t, e1)e2 = R˜D(∂t, e2)e1 = 0,
R˜D(∂t, e2)e2 = −(ff ′′ + ff ′)∂t, R˜D(e1, e2)∂t = f
′
f
(e1 − e2),
R˜D(e1, e2)e1 = [(f
′)2 + ff ′]e2 + (ff
′ + f 2)∂t,
R˜D(e1, e2)e2 = −[(f ′)2 + ff ′]e1 − (ff ′ + f 2)∂t
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and
R˜ic
D
(∂t, ∂t) =
2f ′′
f
, R˜ic
D
(e1, e1) = Ric
D(e2, e2) = ff
′′ + 2ff ′ + (f ′)2,(5.57)
R˜ic
D
(∂t, e1) = R˜ic
D
(∂t, e2) = 0, R˜ic
D
(e1, ∂t) = R˜ic
D
(e2, ∂t) = −f
′
f
;
R˜ic
D
(e1, e2) = R˜ic
D
(e2, e1) = 0.
Then (D, gD, ∇˜D) is mixed Ricci flat if and only if f is a constant.
Theorem 5.5. (D, gD, ∇˜D) is a distribution with constant scalar curvature λ0 for U = ∂t
if and only if
(1) λ0 = −23 , f(t) = (c1e−
1
2
t + c2te
− 1
2
t)
2
3 ,
(2) λ0 > −23 , f(t) = (c1e
−1+
√
1+ 3
2
λ0
2
t + c2e
−1−
√
1+ 3
2
λ0
2
t)
2
3 ,
(3) λ0 < −23 , f(t) = (c1e−
1
2
tcos(
√
−(1+ 3
2
λ0)
2
t) + c2e
− 1
2
tsin(
√
−(1+ 3
2
λ0)
2
t))
2
3 ,
where c1, c2 are constant.
Proof. By (5.57), we have
s˜D = 4
f ′′
f
+ 4
f ′
f
+ 2
(f ′)2
f 2
= λ0.(5.58)
Let f(t) = w(t)
2
3 and by (5.58), we get w′′(t) + w′(t)− 3
8
λ0w(t) = 0. By the elementary
methods for ordinary differential equations we prove the above theorem. 
By (5.48), we have
∇̂D∂t∂t = ∂t, ∇̂D∂te1 =
f ′
f
e1, ∇̂De1∂t =
f ′
f
e1 + ∂t, ∇̂D∂te2 =
f ′
f
e2,(5.59)
∇̂De2∂t =
f ′
f
e2 + ∂t, ∇̂De1e1 = ∇̂De2e2 = −ff ′∂t,
∇̂De1e2 = 0, ∇̂De2e1 = 0.
Then
R̂D(∂t, e1)∂t =
f ′′ − f ′
f
e1, R̂
D(∂t, e2)∂t =
f ′′ − f ′
f
e2,(5.60)
R̂D(∂t, e1)e1 = −(ff ′′ + ff ′)∂t, R̂D(∂t, e1)e2 = R̂D(∂t, e2)e1 = 0,
R̂D(∂t, e2)e2 = −(ff ′′ + ff ′)∂t, R̂D(e1, e2)∂t = f
′
f
(e1 − e2),
R̂D(e1, e2)e1 = (f
′)2e2 + ff
′∂t,
R̂D(e1, e2)e2 = −(f ′)2e1 − ff ′∂t,
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and
R̂ic
D
(∂t, ∂t) = 2
f ′′ − f ′
f
, R̂ic
D
(e1, e1) = Ric
D(e2, e2) = ff
′′ + ff ′ + (f ′)2,(5.61)
R̂ic
D
(∂t, e1) = R̂ic
D
(∂t, e2) = 0, R̂ic
D
(e1, ∂t) = R̂ic
D
(e2, ∂t) = −f
′
f
;
R̂ic
D
(e1, e2) = R̂ic
D
(e2, e1) = 0.
So (D, gD, ∇̂D) is mixed Ricci flat if and only if f is a constant. By (5.61), we get
ŝD = 4
f ′′
f
+ 2
(f ′)2
f 2
= sD.(5.62)
By Theorem 5,4, we have
Theorem 5.6. (D, gD, ∇̂D) is a distribution with constant scalar curvature λ0 for U = ∂t
if and only if
(1) λ0 = 0, f(t) = (c2t+ c1)
2
3 ,
(2) λ0 > 0, f(t) = (c1e
√
3λ0
8
t + c2e
−
√
3λ0
8
t)
2
3 ,
(3) λ0 < 0, f(t) = (c1cos(
√
−3λ0
8
t) + c2sin(
√
−3λ0
8
t))
2
3 ,
where c1, c2 are constant.
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